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Chapter 1 

Introduction

This monograph is concerned with two aspects of optical engineering: (1) the 

analysis of radiation diffraction valid for all wavelengths of the incident 

radiation, and (2) the analysis of radiation scattering by objects of arbitrary 

shape. It is a report of work in progress, oriented to the needs of optical engineers 

and its application in modern optical system design. 

Since the analysis is valid for all wavelengths of incident radiation, it is 

worthwhile to distinguish between scattering and the diffraction of radiation. The 

term scattering generally refers to the interaction of a physical system with 

incident radiation, which results in an additional or scattered radiation field, 

while diffraction is a scattering process related to departures from geometrical 

optics1 (as distinguished from physical optics). The two terms are used 

interchangeably throughout this text. 

Separating geometrical and physical optics may not be acceptable to some 

optical engineers. Although geometrical optics is characterized by one text as that 

branch of optics for which the radiation wavelength is negligible,2 a more recent 

opinion holds that it is a conceptual error to separate geometrical and physical 

optics.3 In all cases, the wave nature of radiation should be of paramount 

concern; i.e., wave surfaces or their normals (rays) are of primary interest to the 

optical engineer. 3 This is the emphasis in the analyses to follow. 

The need for more accurate and more easily calculated methods of analyzing 

diffraction problems has increased in recent years owing to the development of 

technologies that require a more reliable theoretical foundation. Among these are 

improved lens-design methods,4 diffractive optics (holography),5,6 compact-disk 

design,7 optical computing,8 millimeter and submillimeter technologies, and 

improved radar return predictions. Moreover, the establishment of close 

analogies between the solutions of wave propagation for nondispersive mediums 

and the solutions of parabolic differential equations for dispersive mediums (e.g., 
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for diffusion and heat transfer in solids, as well as the classic Schrödinger 

equation) has shown the value of invoking optical concepts in various 

technologies, including thermography, hydrodynamics,9–10 etc., as well as in 

radiation diffraction effects. As a result, the methods to be developed will have a 

wider application than for the electromagnetic field. It is hoped that the theory 

presented will aid in “raising the level of optical design.”3

1.1 Sommerfeld’s Method 

Sommerfeld’s method of solving diffraction problems by use of multiple-valued 

solutions of the wave propagation equation11 is an extension of the electrostatic 

image method attributed to Lord Kelvin (also known as Sir William Thomson).12

The results of Sommerfeld’s analysis are delivered in closed form and are well 

suited to numerical calculation; the predictions of the method have been verified 

repeatedly by experiment.13

The agreement with experiment as well as the simplicity of the form of the 

solution has sometimes led to Sommerfeld’s original expressions being used for 

configurations other than the one originally employed. In addition, the original 

Sommerfeld solution has been used to explain diffraction effects in even more 

general contexts: for example, to decide in favor of Thomas Young’s proposal of 

a reflected boundary wave.2

Despite its promising beginning, the Sommerfeld method of analyzing 

diffraction problems is not recognized as being capable of generalization. 

Although the results of the original investigation are frequently quoted, there is 

an accepted opinion that the method cannot be generalized in any useful 

manner.14 However, much of this book demonstrates that such a generalization is 

possible.

Certainly, there are already methods of predicting the effects of diffraction 

and scattering. For example, the Kirchhoff integral for analyzing the diffraction 

of scalar and vector fields is well known and frequently used.1,2 However, it is 

admitted in Ref. [1] that the mathematical assumptions at the basis of the latter 

applications are flawed and do not agree with the physical models, even when 

wavelengths are small compared with the diameter of the diffracting obstacle or 

aperture. For example, a comparison of the scalar theory with observation shows 

that theory is very far from agreement with experiment.4 Rigorous treatments of 

diffraction, such as the dual integral equations method, are very difficult to 



Introduction 3

implement.2 The drawbacks of other methods suggest that it is worthwhile to 

develop a promising alternative approach, i.e., the Sommerfeld method. 

However, as already noted, the original Sommerfeld method of solving a 

diffraction problem is not easy to generalize. Consequently, an alternative 

method—devised by Sommerfeld12 and used to construct multiple-valued 

solutions of Laplace’s equation—can construct solutions of diffraction problems. 

This approach is suggested by the successful generalization of the methods 

discussed in Refs. [12] and [15]. 

Thus, one begins with the Green’s function for a single-leaved space, which 

is a solution of the wave propagation equation, and proceeds in a manner similar 

to Ref. [15]. The result is a spherical incident wave rather than a plane wave; 

therefore, there is Fresnel diffraction rather than Fraunhofer diffraction, as in Ref. 

[12]. However, it will be shown that a multiple-valued spherical wave with a 

source point at a great distance from the observer is essentially a plane wave. It 

follows that expressions can be derived for multiple-valued plane waves from 

those for multiple-valued spherical waves. Thus, Fraunhofer diffraction can be 

analyzed from the formalism for Fresnel diffraction. 

After a review of the historical background of Sommerfeld’s method in 

Chapter 2, Chapter 3 demonstrates the construction of a multiple-valued Green’s 

function for a two-leaved space bounded by one branch line. In Chapter 4, this 

function is applied to Fresnel diffraction by a perfectly conducting half-plane. 

Chapters 5 through 7 apply the same procedure to Fresnel diffraction by a 

perfectly conducting circular disk, a circular annulus, and a slit between two half-

planes.

The scattering configurations listed above can be generalized by altering the 

coordinate systems used to define the original spaces. This aspect of 

Sommerfeld’s method is discussed in Chapter 8 along with an alternate means of 

constructing new coordinate systems to be used in Chapters 9 and 10. 

1.2 Generalizing Boundary Surfaces 

A considerable drawback to solving radiation scattering problems has been the 

lack of analytical tools to deal with solids bounded by nonequipotential surfaces. 

This circumstance has led to the use of equivalent Mie scatterers for nonspherical 

solids, for lack of a better alternative. In this respect, the solution of a boundary-

value problem for radiation scattering by a sphere, i.e., Mie scattering, plays a 
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role similar to Sommerfeld’s original solution for diffraction by a half-plane, 

since it also has been applied to configurations other than the one considered in 

the original analysis. 

In response to the need for alternate methods of solving boundary-value 

problems for radiation scattering, many kinds of solutions have been developed; 

these have depended on the availability of computers (Appendix A). Numerical 

methods have often been tailored for specific kinds of problems.  

Although the Sommerfeld method can provide unique and valuable analyses 

of radiation scattering, it has several drawbacks, one of which is its applicability 

solely to surfaces that are not closed (i.e., without an interior and an exterior). 

The results are not restricted with respect to the relative magnitudes of 

wavelength and scatterer diameter, but there is an implicit restriction in any 

experiment based on the method with respect to the relative magnitudes of 

wavelength and thickness of the scatterer; i.e., their ratios must be very small. 

Sommerfeld’s method, which imagines scatterers with “knife edges,” leads to 

the possibility of radiation sources on the branch curves bounding the scattering 

surfaces. In this event, there may be a violation of the condition for uniqueness of 

any solution derived.2,16 Although it will be shown that this circumstance does 

not occur with the expressions to be derived, it is advisable to develop an 

alternate method of solving boundary-value problems without such restrictions.

Chapters 9 and 10 offer this type of alternate method of solution of 

boundary-value problems, based on the introduction of coordinate systems that 

are dependent on transformations of similitude17 of the given boundary surfaces. 

As a concrete example of this method, the details of constructing a solution for 

the case of a plane wave scattered by a hexagonal ice cylinder are presented. 

Four appendixes contain a list of other exact methods for solving diffraction 

problems (Appendix A), a brief review of Sommerfeld’s original work 

(Appendix B), and some mathematical theory (Appendixes C and D) as an aid in 

the analyses of the earlier chapters. 
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